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Abstract 
In 1943, Courant introduced the concept of artificial stiffness in modeling constraints. The idea was to replace rigid 
supports and connections with elastic springs of high stiffness. This was subsequently generalized and became known as 
the penalty method. The main drawback of the method was that it was not possible to estimate the error due to any 
violation of the constraints and the choice of penalty parameter or stiffness was made on a trial and error basis, by 
finding a suitable number that was large enough to effect a constraint and yet not too large as to cause numerical 
problems such as ill-conditioning. However, recent work by the speaker and his colleagues has paved the way for 
tackling this using both positive and negative stiffness or in vibration problems using positive and negative mass as 
penalty values. Their use has been justified through several theorems and numerical experiments. The use of positive 
and negative penalty mass in vibration analysis has also led to interesting alternative procedures for solving engineering 
problems such as heat transfer using a distribution of pseudo inertia to obtain an equivalent vibration problem. The 
modes of vibration yield characteristic functions which can then be used to solve the actual problem. 
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